Abstract. For a pair (algebra, module) with isolated singularity we establish the existence of a versal henselian deformation. Obstruction theory in terms of an André-Quillen cohomology for pairs is a central ingredient in the Artin theory used. Cohen-Macaulay approximation induces maps between versal base spaces for pairs and cohomology conditions ensure properties like smoothness and isomorphism.
Introduction
In this article we prove that a pair (algebra, module) with isolated singularity has a versal deformation and give applications to parametrised Cohen-Macaulay approximation.
Let k be field and A a local, henselian k-algebra essentially of finite type which is equidimensional and has an isolated singularity. R. Elkik [7] proved that there is a versal henselian deformation of A by applying M. Artin's approximation theory [1] . Elkik's results also implies the existence of a versal henselian deformation of a module which is locally free except at the closed point and where the algebra is trivially deformed along, as H. von Essen showed in [24, 2.3] . Theorem 4.4 says that a pair (algebra, module) with the combined conditions has a versal henselian deformation. The proof is essentially deduced from arguments of Elkik and von Essen. In [11, 5.6] we show how Theorem 4.4 implies that there exists a versal henselian deformation of a pair (partial resolution of rational surface singularity, strict transform of reflexive module). This result is used in the proofs of some conjectures of C. Curto and D. Morrison [6] concerning 3-dimensional flops; see [11] .
The theory of Cohen-Macaulay approximation founded by M. Auslander and R.-O. Buchweitz [4] was extended to flat families in [12] . If h : S → A is a CohenMacaulay map (finite type or local) and N an S-flat finite A-module there are short exact sequences of S-flat finite A-modules [12, 5.1, 5.7] . The properties of (1.0.1) are preserved by base change. In particular, base change to k = S/m S give Cohen-Macaulay approximation sequences of A = A⊗k-modules
In [13] we defined maps of deformation functors of pairs (algebra, module) Several results concerning these maps are given in [13] , in particular with cohomological conditions. The main applications in this article is to strengthen and simplify many of these results to give relations between the versal henselian bases under the restricted conditions in Theorem 4.4. The proof of Theorem 4.4 requires several technical results. In Section 2 we give a summary of the cohomology of pairs (algebra, module) and the related obstruction theory by using graded André-Quillen cohomology employing L. Illusie's [14] and the Stacks Project [23] . In Proposition 2.10 we establish a long exact sequence linking the Ext-groups and the algebra cohomology with the cohomology groups of a pair Γ = (S → A, N ): In Proposition 2.2 we give a cohomology-and-base-change result for graded André-Quillen cohomology which is essential for these and other applications. As a byproduct of the obstruction results for pairs in the Propositions 2.5 and 2.6 we obtain the obstruction result for extensions of modules over a given extension of algebras in Corollary 2.7. We also note some flaws in the treatment for this result in one of the standard references [14] ; see Remark 2.8. However, the definition of the obstruction in [14, IV 3.1.5] gives the same class as our; see Lemma 2.9. Section 3 introduces terminology and results concerning Artin's [2] (as extended to excellent coefficients by D. Popescu [18, 19] and B. Conrad and A. J. de Jong [5] ), in particular H. Flenner's condition for formal versality in terms of the category of infinitesimal extensions; see Proposition 3.3, and von Essen's simplification of [2, 3.3] ; see Proposition 3.4. In Section 4 we show that the essential general conditions for using [2, 3.3] are fulfilled for our fibred category of deformations of pairs. Lemma 4.2 gives finiteness of the graded André-Quillen cohomology when the pair has an isolated singularity. The section concludes with the versality result in Theorem 4.4. Section 5 contains some results for the maps of cohomology obtained by CohenMacaulay approximation, while Section 6 contains the aforementioned applications to the induced maps of versal bases.
All rings are commutative with 1-element.
Cohomology of pairs and obstruction theory
We will need some results concerning the cohomology of pairs (B, N ) where B is an A-algebra and N is a B-module. Then Γ = B⊕N is a graded A-algebra with B in degree 0 and N in degree 1. Maps of pairs (B 1 , N 1 ) → (B 2 , N 2 ) correspond to maps of graded A-algebras Γ 1 → Γ 2 . We generalise and consider a homogeneous morphism of Z-graded rings g : A → Γ and a graded Γ -module J. There are André-Quillen cohomology groups (2.0.1)
which also is called graded algebra cohomology. Here L gr Γ/A is the graded cotangent complex defined as Ω P/A ⊗ P Γ where P = P gr A (Γ ) is a graded simplicial degreewise free A-algebra resolution of Γ and Ω P/S denotes the associated complex of Kähler differentials. To a Z-graded set U there is a 'graded free' A-algebra A[U ] -the polynomial ring over A with free variables x i indexed by elements i ∈ U with deg x i = deg i. In particular there is a canonical graded A-algebra (augmentation) map A[Γ ] → Γ defined by x γ → γ with kernel K. Iterating the procedure gives 
) is a Γ -module and is closely related to the global André-Quillen cohomology of Proj Γ ; cf. H.C. Pinkham's [17] and J. Kleppe's [15] .
If Γ is a finitely generated A-algebra, A is Noetherian and J is finite as Γ -module, then * Ext 
Suppose Γ is A-flat and J is a graded Γ -module. Lemma 2.1 implies that there is an isomorphism of Γ -modules: 
I with the inverse of (2.1.1) gives the base change map (2.1.3) c
Suppose A is a local noetherian ring (concentrated in degree 0 ) with residue field k, Γ is a graded and flat A-algebra and J is an A-flat, finite and graded Γ -module. Assume that the following finiteness condition holds for all i:
is a finite Γ -module for all finite A-modules I.
Suppose the base change map
(i) For all maps of local rings A → A and A -modules I , the base change map c where A → Γ is a graded ring map. 
In that case the natural map Γ ⊗ A A → Γ is an isomorphism and Tor 
relate the obstruction classes:
(ii) The torsor actions (denoted by +) are compatible with ρ * and σ * . I.e. given extensions
If there is a commutative diagram of extensions
Proof. (i) The following (pointed) commutative diagram of canonical maps
(ii) The commutative diagram of ring maps
induces the following, partially pointed (left resp. right) commutative diagram of canonical A-linear maps: (2.6.4)
Let K A,i and K Z,i denote the kernels of the augmentation maps A[Γ i ] → A and
The final claim also follows from this representation since pullback of β 2 along ρ is represented by pullback ofβ 2 along the natural map
In the following we will only be interested in graded rings and modules concentrated in degree 0 and/or 1. 
where ∂(ϕ) = ob(β 0 , N, ϕ) and u(β 1 ) = ϕ.
Proof. First note that ob(β 0 , N, ϕ) also can be defined as the image of (id, ϕ) shown in the following pointed commutative diagram of natural maps: (2.9.1)
Just as the Γ -module J gives a (generally non-split) extension of graded Γ -modules
where the outer terms are B-modules as Γ -modules. Applying Hom D(•mod B ) (−, J) gives maps of long-exact sequences
In addition to (2.7.2) note that (2.9.4) 
and (2.9.1) shows that ∂(ϕ) = ob(β 0 , N, ϕ). The composition
maps, by the graded analog of [14, III 2.1.2.2], the extension β = β 0 ⊕β 1 to (id, ϕ).
Restricted to degree one this gives u(β 1 ) = ϕ.
The obstructions and the torsor actions of the pair, the algebra, and the module are related by a natural long-exact sequence.
Proposition 2.10. Suppose A → B is an (ungraded ) ring homomorphism and N is a B-module. Let Γ = B⊕N be the graded A-algebra with B in degree 0 and N in degree 1. Let J = J 0 ⊕J 1 be a graded Γ -module with N -action ϕ :
Then there is a natural long exact sequence of B-modules: 
Then the torsor actions on β 1 and β = β 0 ⊕β 1 are compatible through τ .
The long exact sequence follows and (i), (ii) and (iv) are special cases of Propositions 2.5 and 2.6.
(iii) The following commutative diagram of canonical maps (2.10.1)
is pointed since (β 0 , 0) maps to ((γ 0 ) * α, 0) by [23, Tag 08S8], i.e. τ maps ob(β 0 , N, ϕ) to ob(α, Γ, γ).
The commutative diagram of ring maps
induces the following commutative diagram of B-modules:
The commutativity of (2.10.3) implies the second statement of (iii).
Conditions for versality
In order to use (consequences of) Artin's Approximation Theorem [1] as extended by D. Popescu [18, 19] we fix an excellent ring Λ (cf. [10, 7.8.2] ), a field k and a finite ring homomorphism Λ → k with kernel denoted m Λ . Put k 0 = Λ/m Λ . Define Λ H k to be the category of surjective maps of Λ-algebras S → k where S is a noetherian, henselian, local ring. A morphism is a map of Λ-algebras S 1 → S 2 which is local and commutes with the given maps to k. A map h : S → A of local henselian rings is algebraic if h factors as S → A ft → A where the first map is of finite type and the second is the henselisation in a maximal ideal. Let Λ A k denote the full subcategory of artin rings in Λ H k .
Let F → Λ H k be a fibred category. For all maps f : R → S in Λ H k and any object b in F(R) we fix a base change f * b in F(S), also denoted b S . For an object a in F(S), let F a → Λ H k /S denote the induced fibred category of maps a → a in F. Suppose R → S and S → S are maps in Λ H k with the latter being an infinitesimal extension (i.e. a surjection with nilpotent kernel). Then S × S R is in Λ H k ; [20, Chap. I, §2.2]. Assume that the composition R → S red is surjective. We will call such data a test situation. There is a natural test map
Let F = F and F a = F a denote the functors from Λ H k to Sets associated to F and F a .
Definition 3.1. For a fibred category F → Λ H k there are conditions: (S1') The test map (3.0.1) is an equivalence for all test situations.
(S1a) The test map for F is surjective for all test situations. (S1b) If in addition S = S red , b is an object in F(R) mapping to a and I is a finite S-module, then the natural map
is an equivalence of categories. (iso) Assume S is algebraic and I ⊆ S is an ideal. Put S n = S/I n+1 and S Î = lim ← − S n . If a, b are objects in F(S Î ) and {θ n : a n ∼ = b n } is a system of compatible isomorphisms of base changes to the S n , then there is an isomorphism a ∼ = b compatible with θ 0 . If (S1') then (S1) (= (S1a) and (S1b)). If (S1) then the map in (S1b) is R-linear. In that case there is a further condition:
) is a finite S-module for any S = S red in Λ H k , a in F(S) and finite S-module I.
The condition F(k) is equivalent to a one-object, one-morphism category will in the following be assumed for all fibred categories F over Λ H k or Λ A k .
Assume that F and G are fibred categories over Λ H k which are locally of finite presentation. A map ϕ : F → G is smooth (formally smooth) if, for all surjections
For an object a in F(S), define Ex F (a) as the category of infinitesimal extensions of (S, a) by S-modules I. Proposition 3.4. Assume the fibred category F → Λ H k satisfies (S1), (S2) for algebraic objects, as well as (lim − → ) and (iso) in Definitions 3.1 and 3.2. Suppose v is an object in F(R) with R algebraic as Λ-algebra. If v is formally versal, then v is versal.
Proof. By Artin's proof of [2, 3.3] (for general excellent coefficients), the condition (iso) implies that it is sufficient to prove the surjectivity of c v -'the lifting property' -for infinitesimal extensions (S , a ) → (S, a). But the formal versality of v implies that all infinitesimal extensions of v split by Proposition 3.3. A splitting of (R× S S , v× a a ) → (R, v) composed with the projection to (S , a ) provides the lifting (R, v) → (S , a ). Assume k 0 → k is a separable field extension, F → Λ A k is a fibred category satisfying (S1) with associated functor F : Λ A k → Sets. Then a formally versal object in F with base R F in Λ H k is minimal if the induced map Hom Lemma 3.6. Suppose k 0 → k is a separable field extension and ϕ : F → G is a map of fibred categories over Λ A k satisfying (S1) which have minimal formally versal objects with base rings R F and R G in Λ H k , both either algebraic over Λ or complete. Let V denote the kernel of the induced map t * G/Λ → t * F/Λ of k-duals. Assume:
(ii) There are obstruction theories for F and G such that ob(R/S, ϕ S (a)) = 0 implies ob(R/S, a) = 0 for any small surjection R → S in Λ A k and object a in F(S). Then every f : R G → R F in Λ H k lifting ϕ is surjective and the ideal kerf is generated by a lifting of a k-basis for V . In particular kerf is generated by 'linear forms' modulo im m Λ ·R G .
Versal deformations of pairs
We prove existence of a versal deformation of a pair (algebra, module) with isolated singularity.
Let A be an algebraic k-algebra with k as residue field. Let N be a finite Amodule. Suppose For brevity we will say that the pair (A, N ) is a deformation of (A, N ) to S. Let (A i , N i ) be a deformation of (A, N ) to S i for i = 1, 2 and S 1 → S 2 a map in
is a map of S 1 -algebras A 1 → A 2 and a map of A 1 -modules N 1 → N 2 such that the maps commute with the maps to (A, N ). If A 2 = A 1⊗S1 S 2 denotes the henselisation of A 1 ⊗ S1 S 2 , then A 2 is an algebraic and flat S 2 -algebra, (A 2 , N 1 ⊗ A1 A 2 ) is a deformation of (A, N ) to S 2 and the induced (
is a map of deformations. We obtain a fibred category Def (A,N ) → Λ H k and (forgetting the second factor) a map of fibred categories Def (A,N ) → Def A . It induces a map of associated functors of isomorphism classes Def (A,N ) → Def A .
Lemma 4.1. Suppose A is an algebraic k-algebra with A/m A ∼ = k and N is a finite A-module. Then
Proof. (i) Put S = lim − → S i and assume a = (A, N ) is an object in Def (A,N ) (S). Since A is algebraic over S and N is finite over A, there is an S i and an object a i = (A i , N i ) in Def (A,N ) (S i ) such that the base change (S i → S) * a i is isomorphic to a. Similar arguments prove that the map lim − → Def (A,N ) (S i ) → Def (A,N ) (S) is full and faithful.
(ii) With notation as before (3.0.1), suppose a = (A , N ) and a = (A , N ) are deformations of (A, N ) to S and R respectively such that the induced deformations a S and a S are isomorphic to a deformation a = (A, N ) . Then a × a a := (A × A A , N × N N ) is a deformation of (A, N ) to S × S R inducing a and a ; see [22, 3. 
Put A ft ⊕N ft = Γ ft ⊗ S k and m 0 = mA ft and assume that V = Spec A ft {m 0 } is smooth over k and N ft restricted to V is locally free.
is finite as S-module and ( * ) is an isomorphism for n > 0.
Proof. Put J = A⊗ A ft J ft . The map ( * ) is given as the composition N ) for i = 1, 2 be two objects in Def (A,N ) (S) and let {θ n :
1 a n ∼ = 2 a n } be a tower of isomorphisms between the S n -truncations. Let 
gives the ( 
0 is an isomorphism (e.g. similarily to the proof of [13, 6.3] ). By 'linear approximation', cf. [12, 6 .1],θ 0 is extended to an isomorphism of the pairs 1 a ∼ = 2 a which lifts θ 1 .
The following theorem is deduced from arguments of Elkik and von Essen, but with certain technical twists. In von Essen's [24] the algebra is only deforming trivially and is not a local henselian ring. To apply Elkik's [7] we work with a finite type version of the groupoid. Let (A ft , N ft ) be a pair where A ft is finite type k-algebra and N ft is a finite A ft -module such that (A ft , N ft ) has an isolated singularity. There is a fibred category Def ft (A ft ,N ft ) → Λ H k where an object is a flat and finite type pair (S → A ft , N ft ) mapping to (k → A ft , N ft ) such that the singular locus of the pair is finite over S and where base change is by ordinary tensor product.
Theorem 4.4. Suppose the pair (A, N ) has an isolated singularity over the field k with A equidimensional. Then Def (A,N ) has a versal object.
Proof. We apply [2, 3.2] with the extension to arbitrary excellent coefficient rings given by [5] to show the existence of a formally versal object in Def (A,N ) . By Lemmas 4.1 and 4.3, Def (A,N ) satisfies (lim − → ), (S1'), (S2) and (iso.). For effectivity, suppose (A ft , N ft ) is a finite type representative of (A, N ) with isolated singularity. Then the restriction Def ft (A ft ,N ft ) → Λ A k satisfies (S1') and (S2). Hence there exists a formally versal formal object {(A Let f : Spec A * → Spec S denote the induced map and U * the set of points
is locally free at x. Let J * denote the ideal defining Spec A * U * with reduced structure. Put
Since A ft has finite length, A * is finite as S-module; [23, Tag 031D]. Moreover, the inclusion A ft → A * is an isomorphism by Nakayama'a lemma. Let A denote the henselisation of
* which is complete with respect to n = m S A . It follows that A /J s ⊕ A /n s and its submodule C s := A /(J s ∩ n s ) is n-complete for all s. By Artin-Rees there is a t s such that
Since the image of n is contained in rad C t and C t surjects onto A /(J ∩ n) s it follows that the latter is n-complete for all s. This implies that the natural map lim ← − A /(J ∩ n) s → A * has an inverse. Since N * is locally free on the complement of V ((J ∩n)A * ), the conditions in [7, Théorèm 3] hold for the henselian pair (A , J ∩n). We obtain a finite A -module N which induces N * . Moreover, N is S-flat by [23, Tag 
is an isomorphism for n = 1, 2 by Lemma 4.2. We have that (4.4.1) for n = 2 takes the obstruction ob(π, 
The induced maps of graded cohomology 
Since Γ j is Sflat base change theory implies that Ext n A (M, L⊗I) = 0 for all n > 0; [12, 5.1] . Then π * is an isomorphism for n > 0 and surjective for n = 0. Since Proof. Proposition 2.6 (i) gives
which is (i) and (together with Proposition 2.10) also (ii). Since the connecting maps (5.1.5) are compatible with τ 
where J is generated by elements lifting a k-basis of the kernel ker(σ L (k[ε]) * ) of the map of dual relative Zariski vector spaces (cf. Lemma 3.6). In particular J is generated by 'linear forms' modulo im m Λ ·R L .
Proof. Suppose (S → A, N ) is a deformation of (A, N ) and R → S is a small surjection in Λ H k with kernel I. Put Γ = A⊕N and Γ 0 = A⊕N . For all n there are isomorphisms
by Proposition 2.2 and Lemma 2.3. Then Def (A,N ) has an obstruction theory (Definitition 3.5) with 
where J is generated by elements lifting a k-basis of the kernel of the map of dual relative Zariski vector spaces (cf. Lemma 3.6). In particular J is generated by 'linear forms' modulo im m Λ ·R M .
Remark 6.4. We now give several results with the conclusion that σ X : Def (A,N ) −→ Def (A,X) (or σ A X ) in Definition 6.1 is smooth. Since the deformation functors have versal elements, in particular with bases (say R N and R X ) which are algebraic over Λ, any map f : R X → R N lifting σ X has a finite-type-over-Λ representative
N which is smooth.
Theorem 6.5. Suppose (A, N ) has an isolated singularity. Then: Then (ii-v) follow from (i) and [13, 4.3] .
A similar proof gives: 
